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CALCULUS AND DIFFERENTIAL EQUATIONS

(Common to All branches)

SCHEME OF VALUATION

Q No Question
2
1@ | ppy = (x* + y* + z2)"'/%then prove that —+ gyu + 3; =0
ou -x
ax (x2+y2+422)°/2 2> 2M
u _ (2x?-y?-z%)
ax2 (x2+y2+22) 5/, 2> 2M
(2y%2-x2-2z2) 8%u _ (2z%2-y?-x?)
s1m11arly, —(x2+y2+22)5/2 Py (x2+y2+22)5/2 2> 2M
aZ
Therefore — + W to=2= 0 - 2> 1M
1) | calculate 0((x',y,z)’ ifu=x>-2y,v=x+y+zw=x-2y+3z
Uy =2x,u, =-2,u,=0; v, =Lv,=Ly,=L,w,=1Lw,=-2,w, =3 - 2> 3M
Uy Uy U,
_‘Z(“""W) | v, 1, > 2M
@y, wy W,
=10x + 4 > 2M
2@) | Ifu=sin~'(x — ), x = 3t and y = 4¢2, show that = = 3(1 — 2)"1/2,
du _ au dx au dy
dt 6x dt ay dt > M
6u au -1
— _ 2> 2M
- J1- (x Vi—G—y2’ 0y~ J1-(x-y)?
d—" =3,2 =12t > M
dt dt
du 3-12t2
at ~ J1-(3t-4t2)? > M
3-12¢t2 3
T Ja-t)(a-4t2)2 V1-t2 > M
2(b) | Determine the Taylor’s series expansion of f(x,y) = x? + 3y — 9x — 9y + 26 about the

point (2, 2).
Given f = x2+3y? —9x — 9y + 26, f(2,2) =6

fe=2x-9; f(2,2)=-
fy=6y—-9; f,(2,2)=3 [T e > 3M

fxxzz,fxyzoafyy:6

Taylor’s series expansion of f(x,y) about the point (@, b)  ------------------- 2> 2M

fO,y)=6—=5x—2)+3( —2)+ (x —2)? +3(y = 2)? -reommeemeeeev > M




3(a) | Discuss the maxima and minima of f(x,y) = x* + y* — 2x2 + 4xy — 2y2.
Given f(x,y) = x* + y* — 2x? + 4xy — 2y?
fi=4x}—dx+4y, f=4°+4x—4y = e > M
=0, f=0= x=-y > IM
The stationary points are (0, 0), (V2,—v2), (—v2,v/2) = —emmreeeeee S5 M
T:fxx:12X2—4,S=fxy:4,t:fyy:12y2_4 ___________________ S 1M
rt —s? = 0. It needs further investigation ~ ceeeeeemeees S 1M
rt—s?>>0andr >0 at (\fz —\/i), (—\/Z \ff), so fattains its minimum at both (\/i, —\/E),
(—\/f, \/i) and the minimum value is -8 e > 2M
3(b) | Discuss the maxima, minima of the function f = x? + y* + z% where x,y, z are connected
by the relation xyz = 216.
The Lagrangean functionis F = f + A¢ = x? + y? + z2 + A(xyz — 216)  ——mmoemmmm- S IM
fi=0f=0 f,=0 =2x4+Ayz=0, 2y +Axz=0, 22+ Axy =0  -----ee- S 3M
R A S n=——— S 1M
vz Xz Xy 2
xzzyzzzzﬁxzyzz ------------ 91M
LX=y=z=6 e > 1M
Hence the function attains it extremum at (6, 6, 6)
4(a) | Examine the function x> + y> — 3axy for the maxima and minima.
Let f = x3 + y3 — 3axy
fi=0f=0=3x*-3ay=0and3y?-3ax=0 e > 1M
Solving above equations we getx =y e > 1M
The stationary points are (0, 0), (a, &) s > IM
r=fxx=6x: Szf;cyz_sa,t:fyy=6y ____________ elM
At (0, 0), rt — s? = —9a? < 0, f attains neither its minimum nor its maximum at (0, 0), so it is
asaddle point > M
At(a, a)rt —s? =27a%? >0
Ifa > 0,r > 0 so fattains its minimum at (a,a) ~ cemeeeeeeeen > 1M
Ifa < 0,r < 0 so fattains its maximum at (a,a) ~ seemeeeeeeen > 1M
4 (b) | The Lagrangean functionis F = f + A¢ = x? + y? + z% + A(ax + by + cz — p) -—-- > 1M
fr=0/f,=0 f,=0 =2x+ad=0, 2y+bA=0,2z2+cA=0 -mmmm- > 3M
CrXoy_z__A > 1M
a b a c 2 bp o
— p _ _
X = a2+b2+c2 4 - a2+b2+c2' z= a2+b2+2C2 ------------ 9 IM
The minimum value of the functionis —— ~ coeeeeeeeeee > 1M
a“+b=+c
J1—x2 [1—x2_y2
@ Evaluate fol Jo 1o A Iy xyz dxdydz.
[1—x2 . J1—x2—y2 [1—x2 2\ V1-x%-y?
fol Jo 1 Jo 1 xyz dxdydz = fol Jo xy (27)0 577 Z—— > 1M
11 /1-22
=2l oy —x* —yHdydx e > M
_1n1 2\2
=2hx@-xHdx e > 3M
R — > oM

T a8




5(b)

ZVax

By applying the change of order of Integratlon evaluate f 0 f 2/4a dy dx
Over the given region x varies from 2 E to 2,/ay
y varies from 0 to 4a -------- 2>2M+1 M
(Including diagram)
4a 2\/@ _ 4a yz
fo fy2/4adydx—f0 (2 ay—a) dy — eeemeeeee 2>2M
16a?
== e >2M
2
6@ | Evaluate fos Jy x(x® +y»dxdy
2 2
fos Jy x(x? + y?)dxdy = f05 i 3 +xyDdydx e > M
=/, (x + )dx ------------ > 3M
- 2
=5° (24) - 3M
6(b)
Find the volume bounded by the cylinder x? + y? = 4 and the planesy + z = 4 and z = 0.
The required volume is V= [[ zdx dy = -——-mmmmeemmmv S M
where R is the projection of the surface on xy-plane
=2 a4y
—f I e yzzdxdy --------------- 2> 2M
_ =
=2 fg (4=y)dxdy e > IM
=8x2[ J4—y2dy = e > 2M .
N <Y A —— S5 1M
7(a) | Solve (x*y — 2xy*)dx — (x® — 3x%y)dy = 0.

Given equation is (x2y — 2xy?)dx — (x® — 3x2y)dy = 0

om

6y—x —4xy, —6xy—3x
- 2_13\:1 * —N so given equation is not exact ~ memmememeemeeee -2 2M
1 1
I'F - Mx+Ny - nyZ --------------- 9 IM
Multiplying given equation by L.F on both sides weget
12 3 x

(;—;)dx‘i'(;—;)d}’—o """""""" > IM
G.Sis fy const M1 dx + [(terms of Ny not containing x) dy = ¢ ===mmmm-mmmmv > M

§+ln(3x]_::)zc _______________ 9 2M




X

2

7(b) Apply the method of variation of parameters to solve % -2 % +y= %

e = (cie* + cpxe*) = cqu+cv > 1M

Where u = e*; v = xe*

W=|u, v,|=e2x ................. S52M

u v
Yp = Ae* + Bxe*
A=—[Zdx; B=[%ax >1M
w w

A=-x ; B=Inx e S>2M

~ ¥Yp = —xe* + (Inx)xe”

Hence the GSisy = y. +y, = (c,€* + c,xe*) —xe* + (Inx)xe®  -----o-mmmommeo- > 1M
8(a) | Solve (D? —1)y = e* + x*e*

Ve = (cre* + c;e™) where ¢4, ¢, are arbitrary constants ~ —mmmmmmemememeeeo S52M

1 1
yP = D2-1 ex + D2-1 exxz = Il + 12

I ! eX = xe” = et o ->2M

17 p2—q 2D 2

1 ! exe:—x[ﬁ—ﬁ.Ff_l] _________________ S3S9M

27 p2 3 2 2 a4
X 3 2

G.Sis y=yc+yp=c1e"+c2e‘x+e7[%—x7+37x—ﬂ ----------------- S1M
8(b) | A body originally at 80°c cools down to 60°c in 20 minutes, the temperature of the air

being 40°c. What will be the temperature of the body after 40 minutes from the original?

Statement: Newtons Law of cooling e S1M

0=06y+ce® e S51M

c=40,k=—iln(1) _________________ 33M

20 \2

=50 S>2M

9(2) Find the Laplace transform of cosat-cosht

cos at—cosb

Letf)=—77—7 e >2M
~ L[f(t)] = L[cosat — cos bt] = sZiT — Szi—bz = F(s)
Weknow that L[Z2] = [“F(s)ds = [ (5 -525)ds e >2M

—lm (52“’2) ----------------- S>3M

2 s2+a?




9(b) |Solvey” +4y' +3y= e t;y(0)=1,y'(0) =1 att = 0 by using Laplace transforms
method.
S2Y(s) —sy(0) = ¥'(0) + 4[sY(s) = (O] +3Y(s) = = sroeemeeoeeoeeee >2M
1 S+5
Yis) = (s+1)(s2+45+3) + (s+1)(s+3) T > 1M
7 3
Ys) = a(s+1) | 2(s+1)2  a(s+3) o T 22M
Apply ILT on both sides, we get
Tty Yo -t 3 -3¢
y(t)—4e +5te 2 € 2>2M
10 (a) | Evaluate the integral fom te~%'sin 3t dt using Laplace transforms.
Let f(£) =sin3t, LIf ()] = 5= =F(s) e >1M
WKT L[tf(D)] = —%[F(s)] ----------------- S1M
i —_5%
L[tsin3t] = ST 2> 1M
TG R A 3 ) I ——— >1M
fooo e ?'tsin3tdt = L[tsin3t]wheres =2 e S>1M
-12/169 s >2M
10(b) | Fing L1 [m] using convolution theorem
= 1 — 1
Let f(s) = 5 G(5) = oo 1
-1 S s . -1 N Y
[(52+1)] =sint; L [(52+9)] = 3sin 3t 2>2M
By convolution theorem L™*[f(s)g(s)] = |, Ot D Y ICERT) Y. (VA — S>1M
_ 1 10t .
L 1 [m} = Efo sinu sm3(t - u)du
= %fot [cos(4u — 3t) —cos(Bt — 2u)]du ~ —emmemmmemeee- >2M
= 2—14 [3sint —3sin3t] e >2M
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