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Q No Question 
1(a) If 𝒖 = (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)ି𝟏/𝟐then prove that  

𝝏𝟐𝒖

𝝏𝒙𝟐 +
𝝏𝟐𝒖

𝝏𝒚𝟐 +
𝝏𝟐𝒖

𝝏𝒛𝟐 = 𝟎 

డ௨

డ௫
=

ି௫

(௫మା௬మା௭మ)
య

మൗ
                                                         -----------------------------     2M                

డమ௨

డ௫మ =
൫ଶ௫మି௬మି௭మ൯

(௫మା௬మା௭మ)
ఱ

మൗ
                                                        -----------------------------     2M                       

similarly, 
డమ௨

డ௬మ =
൫ଶ௬మି௫మି௭మ൯

(௫మା௬మା௭మ)
ఱ

మൗ
, 

డమ௨

డ௭మ =
൫ଶ௭మି௬మି௫మ൯

(௫మା௬మା௭మ)
ఱ

మൗ
       -----------------------------     2M                                  

Therefore 
డమ௩

డ௫మ +
డమ௩

డ௬మ +
డమ௩

డ௭మ = 0                                     -----------------------------     1M                

1(b) Calculate 
𝝏(𝒖,𝒗,𝒘)

𝝏(𝒙,𝒚,𝒛)
, if 𝒖 = 𝒙𝟐 − 𝟐𝒚, 𝒗 = 𝒙 + 𝒚 + 𝒛, 𝒘 = 𝒙 − 𝟐𝒚 + 𝟑𝒛. 

𝑢௫ = 2𝑥, 𝑢௬ = −2, 𝑢௭ = 0 ;  𝑣௫ = 1, 𝑣௬ = 1, 𝑣௭ = 1; 𝑤௫ = 1, 𝑤௬ = −2, 𝑤௭ = 3   -----     3M  
                         

                                        
𝝏(𝒖,𝒗,𝒘)

𝝏(𝒙,𝒚,𝒛)
= อ

𝑢௫ 𝑢௬ 𝑢௭

𝑣௫ 𝑣௬ 𝑣௭

𝑤௫ 𝑤௬ 𝑤௭

อ                   -----------------------------     2M  

                                                     = 10𝑥 + 4                             -----------------------------     2M              
2(a) If 𝒖 = 𝒔𝒊𝒏ି𝟏(𝒙 − 𝒚), 𝒙 = 𝟑𝒕 and 𝒚 = 𝟒𝒕𝟐, show that 

𝒅𝒖

𝒅𝒕
= 𝟑(𝟏 − 𝒕𝟐)ି𝟏/𝟐. 

ௗ௨

ௗ௧
=

డ௨

డ௫
 
ௗ௫

ௗ௧
+

డ௨

డ௬

ௗ௬

ௗ௧
                                                                   -----------------------------     1M 

  
డ௨

డ௫
=

ଵ

ඥଵି(௫ି௬)మ
,

డ௨

డ௬
=

ିଵ

ඥଵି(௫ି௬)మ
                                             -----------------------------     2M    

  
ௗ௫

ௗ௧
= 3,

ௗ௬

ௗ௧
= 12𝑡                                                                    -----------------------------     1M 

   
ௗ௨

ௗ௧
=

ଷିଵଶ௧మ

ඥଵି(ଷ௧ିସ௧మ)మ
                                                                  -----------------------------     1M    

         =  
ଷିଵଶ௧మ

ඥ(ଵି௧మ)(ଵିସ௧మ)మ
=

ଷ

√ଵି௧మ
                                               -----------------------------     2M                                     

2(b) Determine the Taylor’s series expansion of 𝒇(𝒙, 𝒚) = 𝒙𝟐 + 𝟑𝒚𝟐 − 𝟗𝒙 − 𝟗𝒚 + 𝟐𝟔 about the 
point (2, 2). 
Given 𝑓 = 𝑥ଶ + 3𝑦ଶ − 9𝑥 − 9𝑦 + 26, 𝑓(2,2) = 6     
𝑓௫ = 2𝑥 − 9  ;     𝑓௫(2, 2) = −5  
 𝑓௬ = 6𝑦 − 9  ;      𝑓௬(2, 2) = 3                                                -------------------    3M 

𝑓௫௫ = 2, 𝑓௫௬ = 0 , 𝑓௬௬ = 6  

 
Taylor’s series expansion of 𝑓(𝑥, 𝑦) about the point (𝑎, 𝑏)     -------------------    2M 
 
𝑓(𝑥, 𝑦) = 6 − 5(𝑥 − 2) + 3(𝑦 − 2) + (𝑥 − 2)ଶ + 3(𝑦 − 2)ଶ -------------------    2M 
 
 



3(a) Discuss the maxima and minima of 𝒇(𝒙, 𝒚) = 𝒙𝟒 + 𝒚𝟒 − 𝟐𝒙𝟐 + 𝟒𝒙𝒚 − 𝟐𝒚𝟐. 
 
Given 𝑓(𝑥, 𝑦) = 𝑥ସ + 𝑦ସ − 2𝑥ଶ + 4𝑥𝑦 − 2𝑦ଶ   
𝑓௫ = 4𝑥ଷ − 4𝑥 + 4𝑦 , 𝑓௬ = 4𝑦ଷ + 4𝑥 − 4𝑦                                     -------------------    1M    

𝑓௫ = 0, 𝑓௬ = 0 ⟹    𝑥 = −𝑦                                                            -------------------    1M   

The stationary points are (0, 0), ൫√2, −√2൯, ൫−√2, √2൯                -------------------    1M   

𝑟 = 𝑓௫௫ = 12𝑥ଶ − 4, 𝑠 = 𝑓௫௬ = 4, 𝑡 = 𝑓௬௬ = 12𝑦ଶ − 4                 -------------------    1M   

𝑟𝑡 − 𝑠ଶ = 0. It needs further investigation                                        -------------------    1M                                                          

𝑟𝑡 − 𝑠ଶ > 0 𝑎𝑛𝑑 𝑟 > 0  at ൫√2, −√2൯, ൫−√2, √2൯, so f attains its minimum at both  ൫√2, −√2൯,

൫−√2, √2൯ and the minimum value is -8                                           -------------------    2M                                                          

 
3(b) Discuss the maxima, minima of the function 𝒇 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 where 𝒙, 𝒚, 𝒛 are connected 

by the relation 𝒙𝒚𝒛 = 𝟐𝟏𝟔. 
The Lagrangean function is 𝐹 = 𝑓 + 𝜆𝜙 = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ + 𝜆(𝑥𝑦𝑧 − 216)        ----------- 1M 
 
𝑓௫ = 0, 𝑓௬ = 0,   𝑓௭ = 0 ⟹ 2𝑥 + 𝜆𝑦𝑧 = 0, 2𝑦 + 𝜆𝑥𝑧 = 0, 2𝑧 + 𝜆𝑥𝑦 = 0        ----------- 3M 

∴   
௫

௬௭
=

௬

௫௭
=

௭

௫௬
= −

ఒ

ଶ
                                                                                          ------------ 1M 

𝑥ଶ = 𝑦ଶ = 𝑧ଶ  ⟹ 𝑥 = 𝑦 = 𝑧                                                                               ------------ 1M 
∴ 𝑥 = 𝑦 = 𝑧 = 6                                                                                                  ------------ 1M 
Hence the function attains it extremum at (6, 6, 6)            
                                               

4(a) Examine the function 𝒙𝟑 + 𝒚𝟑 − 𝟑𝒂𝒙𝒚 for the maxima and minima. 
Let 𝑓 = 𝑥ଷ + 𝑦ଷ − 3𝑎𝑥𝑦  
𝑓௫ = 0, 𝑓௬ = 0 ⟹ 3𝑥ଶ − 3𝑎𝑦 = 0 𝑎𝑛𝑑 3𝑦ଶ − 3𝑎𝑥 = 0                                  ------------ 1M 
Solving above equations we get 𝑥 = 𝑦                                                               ------------ 1M 
The stationary points are (0, 0), (a,  a)                                                                 ------------ 1M 
𝑟 = 𝑓௫௫ = 6𝑥, 𝑠 = 𝑓௫௬ = −3𝑎, 𝑡 = 𝑓௬௬ = 6𝑦                                                  ------------ 1M 
At (0, 0), 𝑟𝑡 − 𝑠ଶ = −9𝑎ଶ < 0 , f attains neither its minimum nor its maximum at (0, 0), so it is 
a saddle point                                                                                                        ------------ 1M 
At (a,  a) 𝑟𝑡 − 𝑠ଶ = 27𝑎ଶ > 0                                                                              
If 𝑎 > 0, 𝑟 > 0 so f attains its minimum at (a, a)                                                ------------ 1M 
If 𝑎 < 0, 𝑟 < 0 so f attains its maximum at (a, a)                                               ------------ 1M 
 

4 (b) The Lagrangean function is 𝐹 = 𝑓 + 𝜆𝜙 = 𝑥ଶ + 𝑦ଶ + 𝑧ଶ + 𝜆(𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 − 𝑝)  ------ 1M 
𝑓௫ = 0, 𝑓௬ = 0,   𝑓௭ = 0 ⟹ 2𝑥 + 𝑎𝜆 = 0, 2𝑦 + 𝑏𝜆 = 0, 2𝑧 + 𝑐𝜆 = 0              ----------- 3M 

∴   
௫

௔
=

௬

௕
=

௭

௖
= −

ఒ

ଶ
                                                                                              ------------ 1M 

∴ 𝑥 =
௔௣

௔మା௕మା௖మ  , 𝑦 =
௕௣

௔మା௕మା௖మ , 𝑧 =
௖௣

௔మା௕మା௖మ                                                    ------------ 1M 

The minimum value of the function is  
௣మ

௔మା௕మା௖మ                                                 ------------ 1M 

 
5(a) 

Evaluate ∫ ∫ ∫ 𝒙𝒚𝒛 𝒅𝒙𝒅𝒚𝒅𝒛
ඥ𝟏ି𝒙𝟐ି𝒚𝟐

𝟎

ඥ𝟏ି𝒙𝟐

𝟎

𝟏

𝟎
. 

∫ ∫ ∫ 𝒙𝒚𝒛 𝒅𝒙𝒅𝒚𝒅𝒛
ඥ𝟏ି𝒙𝟐ି𝒚𝟐

𝟎

ඥ𝟏ି𝒙𝟐

𝟎

𝟏

𝟎
= ∫ ∫ 𝒙𝒚 ቀ

𝒛𝟐

𝟐
ቁ

𝟎

ඥ𝟏ି𝒙𝟐ି𝒚𝟐

𝒅𝒚𝒅𝒙
ඥ𝟏ି𝒙𝟐

𝟎

𝟏

𝟎
            ------------ 1M 

                                                          =
𝟏

𝟐
∫ ∫ 𝒙𝒚(𝟏 − 𝒙𝟐 − 𝒚𝟐)𝒅𝒚𝒅𝒙

ඥ𝟏ି𝒙𝟐

𝟎

𝟏

𝟎
        ------------ 1M 

                                                                  =
𝟏

𝟖
∫ 𝒙(𝟏 − 𝒙𝟐)𝟐 𝒅𝒙

𝟏

𝟎
                                   ------------ 3M 

                                                          =
𝟏

𝟒𝟖
                                                            ------------ 2M  

 



5(b) By applying the change of order of Integration evaluate ∫ ∫ 𝒅𝒚 𝒅𝒙
𝟐√𝒂𝒙

𝒙𝟐/𝟒𝒂

𝟒𝒂

𝟎
 

Over the given region 𝑥 varies from 
௬మ

ସ௔
 to 2ඥ𝑎𝑦 

                                    y varies from 0 to 4𝑎 -------- 2M +1 M 
                                                                              (Including diagram)  
 
 

∫ ∫ 𝑑𝑦 𝑑𝑥
ଶ√௔௬

௬మ/ସ௔

ସ௔

଴
= ∫ ቀ2ඥ𝑎𝑦 −

௬మ

ସ௔
ቁ

ସ௔

଴
 𝑑𝑦                                                 ---------- 2 M 

 

                              =  
ଵ଺௔మ

ଷ
                                                                       ---------- 2 M 

6(a) Evaluate ∫ ∫ 𝒙(𝒙𝟐 + 𝒚𝟐)𝒅𝒙𝒅𝒚
𝒙𝟐

𝟎

𝟓

𝟎
 

∫ ∫ 𝑥(𝑥ଶ + 𝑦ଶ)𝑑𝑥𝑑𝑦
௫మ

଴

ହ

଴
= ∫ ∫ (𝑥ଷ + 𝑥𝑦ଶ)𝑑𝑦𝑑𝑥

௫మ

଴

ହ

଴
                                        ------------ 1M 

 

                                      = ∫ ቀ𝑥ହ +
௫ళ

ଷ
ቁ

ହ

଴
𝑑𝑥                                                      ------------ 3M 

                                       = 5଺ ቀ
ଶଽ

ଶସ
ቁ                                                                   ------------ 3M                    

 
6(b) 

Find the volume bounded by the cylinder 𝒙𝟐 + 𝒚𝟐 = 𝟒 and the planes 𝒚 + 𝒛 = 𝟒 and 𝒛 = 𝟎. 
 
The required volume is V =  ∬ 𝑧 𝑑𝑥 𝑑𝑦

 

ோ
    ---------------  1M                

where R is the projection of the surface on xy-plane   
                                                                                                            

=  ∫ ∫ 𝑧 𝑑𝑥 𝑑𝑦
ඥସି௬మ

ିඥସି௬మ

ିଶ

ିଶ
                 ---------------  2M 

=  2 ∫ ∫ (4 − 𝑦) 𝑑𝑥 𝑑𝑦
ඥସି௬మ

଴

ିଶ

ିଶ
      ---------------  1M 

= 8 × 2 ∫ ඥ4 − 𝑦ଶଶ

଴
 𝑑𝑦                 ---------------  2M 

= 16𝜋                                             ---------------  1M 

7(a) Solve (𝒙𝟐𝒚 − 𝟐𝒙𝒚𝟐)𝒅𝒙 − (𝒙𝟑 − 𝟑𝒙𝟐𝒚)𝒅𝒚 = 𝟎. 
 
Given equation is (𝑥ଶ𝑦 − 2𝑥𝑦ଶ)𝑑𝑥 − (𝑥ଷ − 3𝑥ଶ𝑦)𝑑𝑦 = 0 
 
డெ

డ௬
= 𝑥ଶ − 4𝑥𝑦,

డே

డ௫
= 6𝑥𝑦 − 3𝑥ଶ         

                                             

∴
డெ

డ௬
≠

డே

డ௫
   so given equation is not exact                                            ---------------  2M    

𝐼. 𝐹 =  
ଵ

ெ௫ାே௬
=

ଵ

௫మ௬మ                                                                             ---------------  1M 

Multiplying given equation by I.F on both sides weget 

ቀ
ଵ

௬
−

ଶ

௫
ቁ 𝑑𝑥 + ቀ

ଷ

௬
−

௫

௬మቁ 𝑑𝑦 = 0                                                              ---------------  1M 

G.S is ∫ 𝑀ଵ 𝑑𝑥 + ∫(𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁ଵ 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑥)  𝑑𝑦 = 𝑐 
 

௬ ௖௢௡௦௧
  ---------------  1M 

௫

௬
+ 𝑙𝑛 ቀ

௬య

௫మቁ = 𝑐                                                                                      ---------------  2M    

\ 

\ 



7(b) Apply the method of variation of parameters to solve 
𝒅𝟐𝒚

𝒅𝒙𝟐 − 𝟐
𝒅𝒚

𝒅𝒙
+ 𝒚 =

𝒆𝒙

𝒙
 

 
𝑦௖ = (𝑐ଵ𝑒௫ + 𝑐ଶ𝑥𝑒௫) =  𝑐ଵ𝑢 + 𝑐ଶ𝑣                                                            ----------------- 1 M 
Where 𝑢 = 𝑒௫;   𝑣 = 𝑥𝑒௫ 

𝑤 = ቚ
𝑢 𝑣
𝑢ᇱ 𝑣ᇱቚ = 𝑒ଶ௫                                                                                    ----------------- 2 M 

𝑦௣ = 𝐴𝑒௫ + 𝐵𝑥𝑒௫  

𝐴 = − ∫
௩ோ

௪
𝑑𝑥;       𝐵 = ∫

௨ோ

௪
𝑑𝑥                                                                   ----------------- 1 M 

A = −𝑥    ;      𝐵 = ln 𝑥                                                                               ----------------- 2 M 
∴  𝑦௣ = −𝑥𝑒௫ + (ln 𝑥)𝑥𝑒௫  
 
Hence the GS is 𝑦 = 𝑦௖ + 𝑦௣ = (𝑐ଵ𝑒௫ + 𝑐ଶ𝑥𝑒௫) − 𝑥𝑒௫ + (ln 𝑥)𝑥𝑒௫       ----------------- 1 M 

8 (a) Solve (𝑫𝟐 − 𝟏)𝒚 = 𝒆𝒙 + 𝒙𝟐𝒆𝒙 
  
𝑦௖ = (𝑐ଵ𝑒௫ + 𝑐ଶ𝑒ି௫) where 𝑐ଵ, 𝑐ଶ  are arbitrary constants                          ----------------- 2 M 
 

   𝑦௣ =
ଵ

஽మିଵ
𝑒௫ +

ଵ

஽మିଵ
𝑒௫𝑥ଶ = 𝐼ଵ + 𝐼ଶ        

𝐼ଵ =
ଵ

஽మିଵ
𝑒௫ =

௫௘ೣ

ଶ஽
=

௫௘ೣ

ଶ
                                                                            ----------------- 2 M 

                        

 𝐼ଶ =
ଵ

஽మିଵ
𝑒௫𝑥ଶ =

௘ೣ

ଶ
ቂ

௫య

ଷ
−

௫మ

ଶ
+

௫

ଶ
−

ଵ

ସ
ቃ                                                      ----------------- 2 M  

 

G.S is     𝑦 = 𝑦௖ + 𝑦௣ = 𝑐ଵ𝑒௫ + 𝑐ଶ𝑒ି௫ +
௘ೣ

ଶ
ቂ

௫య

ଷ
−

௫మ

ଶ
+

ଷ௫

ଶ
−

ଵ

ସ
ቃ                 ----------------- 1 M    

8(b) A body originally at 𝟖𝟎𝒐𝒄 cools down to 𝟔𝟎𝒐c in 20 minutes, the temperature of the air 
being 𝟒𝟎𝒐c. What will be the temperature of the body after 40 minutes from the original? 
 
Statement: Newtons Law of cooling                                                           ----------------- 1 M 
 
𝜃 = 𝜃଴ + 𝑐𝑒ି௞௧                                                                                           ----------------- 1 M 
 

𝑐 = 40, 𝑘 = −
ଵ

ଶ଴
𝑙𝑛 ቀ

ଵ

ଶ
ቁ                                                                               ----------------- 3 M 

 
𝜃 = 50𝑐଴                                                                                                     ----------------- 2 M 

9(a) Find the Laplace transform of 
𝐜𝐨𝐬 𝒂𝒕ି𝒄𝒐𝒔𝒃𝒕

𝒕
 

 

Let 𝑓(𝑡) =
ୡ୭ୱ ௔௧ି௖௢௦௕

௧
                                                                                ----------------- 2 M 

∴ 𝐿[𝑓(𝑡)] = 𝐿[cos 𝑎𝑡 − cos 𝑏𝑡] =
௦

௦మା௔మ −
௦

௦మା௕మ = 𝐹(𝑠)                                    

We know that 𝐿 ቂ
௙(௧)

௧
ቃ = ∫ 𝐹(𝑠)𝑑𝑠

ஶ

௦
=  ∫ ቀ

௦

௦మା௔మ
−

௦

௦మା௕మቁ 𝑑𝑠
ஶ

௦
                  ----------------- 2 M 

                                                          

                                                           =
ଵ

ଶ
𝑙𝑛 ቀ

௦మା௕మ

௦మା௔మቁ                                 ----------------- 3 M 



9(b)  Solve 𝒚ᇱᇱ + 𝟒𝒚ᇱ + 𝟑𝒚 =  𝒆ି𝒕 ; 𝒚(𝟎) = 𝟏, 𝒚ᇱ(𝟎) = 𝟏  at 𝒕 = 𝟎 by using Laplace transforms 
method. 
 

𝑠ଶ𝑌(𝑠) − 𝑠𝑦(0) − 𝑦ᇱ(0) + 4[𝑠𝑌(𝑠) − 𝑦(0)] + 3𝑌(𝑠) =
ଵ

௦ାଵ
                ----------------- 2 M  

𝑌(𝑠) =
ଵ

(௦ାଵ)(௦మାସ௦ାଷ)
+

௦ାହ

(௦ାଵ)(௦ାଷ)
                                                            ----------------- 1 M  

𝑌(𝑠) =
଻

ସ(௦ାଵ)
+

ଵ

ଶ(௦ାଵ)మ −
ଷ

ସ(௦ାଷ)
                                                               ----------------- 2 M  

Apply ILT on both sides, we get 

𝑦(𝑡) =
଻

ସ
𝑒ି௧ +

ଵ

ଶ
𝑡𝑒ି௧ −

ଷ

ସ
𝑒ିଷ௧                                                                 ----------------- 2 M 

10 (a) Evaluate the integral ∫ 𝒕𝒆ି𝟐𝒕𝒔𝒊𝒏 𝟑𝒕 𝒅𝒕
ஶ

𝟎
 using Laplace transforms. 

 

Let 𝑓(𝑡) = sin 3𝑡, 𝐿[𝑓(𝑡)] =
ଷ

௦మାଽ
= 𝐹(𝑠)                                                 ----------------- 1 M 

 

WKT 𝐿[𝑡𝑓(𝑡)] = −
ௗ

ௗ௦
[𝐹(𝑠)]                                                                     ----------------- 1 M 

𝐿[𝑡𝑠𝑖𝑛3𝑡] =
଺௦

(௦మାଽ)మ                                                                                     ----------------- 1 M 

∫ 𝑒ି௦௧𝑓(𝑡)𝑑𝑡 = 𝐿[𝑓(𝑡)]
ஶ

଴
                                                                           ----------------- 1 M  

                                                         
∴ ∫ 𝑒ିଶ௧𝑡 sin 3𝑡 𝑑𝑡 = 𝐿[𝑡 sin 3𝑡]

ஶ

଴
 where 𝑠 = 2                                      ----------------- 1 M 

                                   = 12/ 169                                                                ----------------- 2 M 

10(b) Find 𝑳ି𝟏 ቂ
𝟏

(௦మାଵ)(௦మାଽ)
ቃ using convolution theorem 

Let 𝑓(̅𝑠) =
ଵ

௦మାଵ
; 𝑔̅(𝑠) =

ଵ

௦మାଽ
 

       𝐿ିଵ ቂ
௦

(௦మାଵ)
ቃ = sin 𝑡;    𝐿ିଵ ቂ

௦

(௦మାଽ)
ቃ =

ଵ

ଷ
𝑠𝑖𝑛 3𝑡                                   ----------------- 2 M  

By convolution theorem  𝐿ିଵൣ𝑓(̅𝑠)𝑔̅(𝑠)൧ = ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢)𝑑𝑢
௧

଴
            ----------------- 1 M                   

∴  𝐿ିଵ ቂ
ଵ

(௦మା௕మ)(௦మା௔మ)
ቃ =

ଵ

ଷ
∫ sin 𝑢 𝑠𝑖𝑛3(𝑡 − 𝑢)𝑑𝑢

௧

଴
                  

                              =
ଵ

ଶ
∫ [cos(4𝑢 − 3𝑡) − 𝑐𝑜𝑠(3𝑡 − 2𝑢)]𝑑𝑢

௧

଴
                 ----------------- 2 M                   

                              =
ଵ

ଶସ
[3 𝑠𝑖𝑛𝑡 − 3sin 3𝑡]                                               ----------------- 2 M               
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